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This paper deals with the asymptotic behavior of Lp extremal polynomials
(0 < p<1) outside the unit circle under only Szeg}o’s condition. More precisely,
we highlight some results regarding the asymptotics of this class of polynomials.
The study of the asymptotics of Lp extremal polynomials is of great interest in
the theory of general orthogonal and extremal polynomials. It is a generalization
of the widely known problem of the asymptotic of polynomials orthonormal withaud University. Production
.V. All rights reserved.
onsibility of King Saud
8.004
Production and hosting by Elsevier
yahoo.fr (R. Khaldi), a_guezane@yahoo.fr (A. Guezane-Lakoud).
52 R. Khaldi, A. Guezane-Lakoudrespect to a positive measure with an inﬁnite compact support. The results on the
extremal polynomials over the circle have applications to stochastic processes,
Toeplitz operators, random matrix theory scattering theory, rational approxima-
tion, eigenvalue problems, Fourier expansion, best ratio approximation. . .
Until now most of the results on the asymptotic theory of orthogonal polyno-
mials, have concentrated on orthogonal polynomials for which the measure of
orthogonality is perturbed by an inﬁnite set of mass points outside the segment
[9] or the unit circle [8] and the only requirement on the absolute part of the mea-
sure is Szeg}o’s condition. Lastly research on this subject has been mainly due to
Bello Hernandez and Minguez Ceniceros [1], Kaliaguine [3], Khaldi [4,5], Li
and Pan [6], Lubinsky and Saff [7], Nazarov et al. [8], Peherstorfer and Yudiskii
[9], where the case of measure supported on the segment, circle, curve and arc
has been hardly touched. In this sense, our main result is related to prove the
asymptotic of Lp extremal polynomials for p> 0, on the unit circle plus a denu-
merable set of mass points, with only Szeg}o’s condition imposed on the absolute
part of the measure. Up to now, the only known results in this direction were ob-
tained by Peherstorfer and Yudiskii [9], their results concerned the orthogonal
polynomials (p= 2) on the segment plus a denumerable set of mass points, and
by Nazarov et al. [8] concerning the circle. This problem is known to be interesting
and difﬁcult to analyze and the results of this paper are new and can be considered
as a contribution to the evolution of this ﬁeld. This paper is organized as follows:
We give in Section 2 some basic deﬁnitions and notations to be able to state our
results, we also recall the deﬁnition of Hardy space, Szeg}o function, and expose
the extremal problems in Hardy spaces. Our main results, namely Theorem 3.1
and Corollary 3.1 are proved in Section 3.2. Preliminaries and extremal problems
We deﬁne the Lp(r) extremal polynomials associated to the measure r as the
monic polynomials T(z) = zn +    that minimize the Lp(r) norm in the set of
monic polynomials of degree n:kTn;pkLpðrÞ :¼ minQ2Pn1 kz
n þQkLpðrÞ ¼ mn;pðrÞ;wherekfkLpðrÞ :¼
Z
jfðnÞjp drðnÞ
 1=p
;ris a ﬁnite positive Borel measure with an inﬁnite compact support in the complex
plane and Pn is the set of polynomials of degree n. For p= 2, the L2(r) extremal
polynomials are exactly the orthogonal polynomials associated to the Borel mea-
sure r.
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mials Tn,p(z) outside the unit circle C, where the measure r has a decomposition of
the formr ¼ l
2p
þ c
l is a measure supported on the unit circle C :¼ fz 2 C : jzj ¼ 1g and is absolutely
continuous with respect to the Lebesgue measure dh on [p, +p], that is:dlðhÞ ¼ qðhÞdh;qP 0; q 2 L1ð½p;þp; dhÞ; ð1Þ
and c is a point measure supported on fzkg1k¼1; ðjzkj > 1Þ, that is:c ¼
X1
k¼1
Akdðz zkÞ;Ak > 0;
X1
k¼1
Ak < þ1: ð2ÞNext, we give some materials that will be used in the study of the asymptotics of
extremal polynomials. Denote G ¼ fz 2 C : jzj > 1g [ f1g. We say that f 2
Hp(G) if f is analytic in G and
R
Cr
jfðzÞjpjdzj 6 C;1 < r 6 2;Cr ¼ fz 2 C : jzj ¼ rg,
where C is a constant independent of r. If the Radon–Nikodim derivative q of
the measure l satisﬁes Szeg}o’s condition:Z þp
p
logðqðhÞÞdh > 1 ð3Þthen the associate Szeg}o function D:DðwÞ ¼ exp  1
2pp
Z þp
p
logðqðtÞÞwþ e
it
w eit dt
 
; ðjwj > 1Þ;has the following properties:D 2 HpðGÞ; DðwÞ–0; Dð1Þ > 0; jDðeihÞjp ¼ qðhÞ; ða:e: on ½p;þpÞ:
Let f be an analytic function in G. We say that f 2 Hp(G,q) if f/D 2 Hp(G).
For 1 6 p 61,Hp(G,q) is a Banach space and each function f fromHp(G,q) has
limit values on C. The norm in the Hardy space Hp(G,q) is deﬁned bykfkpHpðX;qÞ :¼ lim
R!1þ
1
2pR
Z
CR
jfðzÞjp
jDðzÞjp jdzj ¼
1
2p
Z þp
p
fðeihÞ pqðhÞdh;
where CR = {z 2 G : Œz Œ= R}.
For 0 < p< 1, Hp(G,q) as deﬁned above is a quasi-Banach space. We give an
important property of the Hardy space Hp(G,q):
Lemma 2.1 [3]. If f 2 Hp(G,q), then for every compact set K  G, there exists a
constant CK such that:sup
K
jfðzÞj 6 CKkfkHpðX;qÞ:
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functions of the formpnðzÞ ¼ bn;0z
n þ bn;1zn1 þ . . .þ bn;n
ðz an;1Þðz an;2Þ . . . ðz an;nÞ :Let f be a continuous function on K and rn(f) be the best approximation to f(z) on
K in the class Fn in the sense of Chebyshev, that is,kf rnðfÞk1 ¼ minpn2Fn kf pnk1;wherekfk1 ¼ max
z2K
jfðzÞj:Theorem 2.1 [10]. Let the points an,k satisfy Œan,k Œ> 1. A necessary and sufﬁcient
condition to havelim
n!1
rnðfÞðzÞ ¼ fðzÞ;
uniformly in Œz Œ 6 1, for every such function f analytic in Œz Œ 6 1, is thatlim
n!1
X1
k¼1
1 1
an;k
 
¼ þ1:2.1. Extremal problems in the Hp(G,q) spaces
For 0 < p<1, we denote by l(q) and l1(q) the extremal values of the following
problems:lðqÞ :¼ inffkukpHpðX;qÞ : u 2 HpðX; qÞ;uð1Þ ¼ 1g: ð4Þ
l1ðqÞ :¼ inffupHpðX;qÞ : u 2 HpðX;qÞ;uð1Þ ¼ 1;uðzkÞ ¼ 0; k ¼ 1; 2; . . .g: ð5ÞWe denote by u* and w the extremal functions of problems (4) and (5) respectively.
It is proved in Khaldi [4] that u*(z) = D(z)/D(1) and w(z) = B(z)D(z)/D(1)
whereBðzÞ ¼
Y1
k¼1
z zk
zzk  1
jzkj2
zk
; ð6Þis the Blaschke product and the extremal values are connected byl1ðqÞ ¼ kwkpHpðX;qÞk ¼
Y1
k¼1
jzkj
 !p
lðqÞ ¼
Q1
k¼1jzkj
Dð1Þ
 p
: ð7Þ
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Deﬁnition 3.1. A measure r ¼ l2pþ
P1
k¼1Akdðz zkÞ is said to belong to the class
A, if the absolutely continuous part l satisﬁes the Szeg}o condition (3) and the
discrete part satisﬁes the condition:X1
k¼1
jzkj  1
 !
< 1: ð8ÞRemark 3.1. Condition (8) is natural as it guarantees the convergence of the Blas-
chke product (6).
Now, we state our main result
Theorem 3.1. Let a measure r ¼ l2pþ
P1
k¼1Akdðz zkÞ such that r 2 A then we
havelim
n!1
mn;pðrÞ ¼ ðl1ðqÞÞ
1
p:Proof. Following the same ideas as in [8], we show that
liminfnﬁ1mn,p(r)P (l
1(q))1/p. Let Qn,p(z,r) = Tn,p (z,r)/mn,p(r) be the normal-
ized extremal polynomial with respect to measure r and B‘ðzÞ ¼
Q‘
k¼1
zzk
zzk1
jzkj2
zk
be the ﬁnite Blaschke product with zeros z1,z2, . . . ,z‘. Consider the integralZ
T
Qn;pðt;rÞ
tnB‘ðtÞDðtÞ dmðtÞ;where dm denotes the Lebesgue measure on T. Using Ho¨lder inequality, the fact
that kQn;pðzk; rÞkpLpðrÞ ¼ 1 and jB‘ðzÞj ¼
Q‘
k¼1 jzkj; t ¼ eih, we obtainZ
T
Qn;pðt; rÞ
tnB‘ðtÞDðtÞ dmðtÞ

 6 1Q‘
k¼1 zkj j
Z
T
Qn;pðt; rÞ
tnDðtÞ

dmðtÞ ð9Þ
6 1Q‘
k¼1 zkj j
Z
T
Qn;pðt; rÞ
 p
jDðtÞjp dmðtÞ
 !1=p
6 1Q‘
k¼1 zkj j
kQn;pðzk; rÞkpLpðrÞ ¼
1Q‘
k¼1 jzkjOn the other hand, applying the residue theorem to this integral and the fact that
B‘(1) = 1, it yieldsZ
T
Qn;pðt;rÞ
tnB‘ðtÞDðtÞ dmðtÞ ¼
1
mn;pðrÞDð1Þ þ
X‘
k¼1
Qn;pðzk; rÞ
znþ1k B
0
‘ðzkÞDðzkÞ
; ð10ÞNow, since Ak Qn;pðzk; rÞ
 p 6 kQn;pðzk;rÞkpLpðrÞ ¼ 1, then Qn;pðzk; rÞ  6 A1=pk for
any n. From this and the fact that ŒzkŒ> 1, we get
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n!1
X‘
k¼1
Qn;pðzk; rÞ
znþ1k B
0
‘ðzkÞDðzkÞ
¼ 0: ð11ÞCombining (10) and (11) we obtain for all ‘Z
T
Qn;pðt; rÞ
tnB‘ðtÞDðtÞ dmðtÞ ¼
1
mn;pðrÞDð1Þ þ enwhere enﬁ 0 as nﬁ 0. Taking into account (9) and (7), we see thatlim inf
n!1
mn;pðrÞP p
1
k¼1jzKj
dð1Þ P p
1
k¼1jzKj
 
lðqÞð Þ1p ¼ l1ðqÞð Þ1p: ð12ÞNow let us prove that limsupn!1mn;pðrÞ 6 l1ðqÞð Þ1=p Let Tn,p(z,a) be the monic
extremal polynomial with respect to absolute continuous part a of the measure
r. First, since the function ubðzÞ ¼ B‘ Tn;pðz;aÞzn is analytic in G ¼ fz 2 C : jzjP
1g [ f1g, then from Theorem 2.1, there exists a sequence Pmn ðzÞ
zmn
such thatlim
n!1
sup
z2G
PmnðzÞ
zmn
 ubðzÞ


 !
¼ 0;and the convergence is uniform in G. In particular, there is convergence for
z1 =1. We have limn!1 Pmn ðz1Þzmn1 ¼ 1 since unð1Þ ¼ 1.
Second, from the extremality of Tn,p(z,a) we can easily see that the sequence
fmn;pðqÞ ¼ kTn;pðz; aÞkLpðl=2pÞg1n¼1 is decreasing, indeedkTnþ1;pðz; aÞkLp l2pð Þ 6
Z
C
tTn;pðt; aÞ
 pqðtÞdmðtÞ 1p ¼ kTn;pðz; aÞkLp l2pð Þ;so, we haveZ
C
tmnTn;pðt; aÞ
 pqðtÞdmðtÞ ¼ Z
C
Tn;pðt; aÞ
 pqðtÞdmðtÞ 6 Z
C
qðtÞdmðtÞWe deduce from this inequality that there exists a constant C independent of n
such thatmax jzmnTn;pðz; aÞjp : jzj 6 2
	 

6 C:On the other hand, Geronimus [2] has proved thatlim
n!1
Z
C
Tn;pðt; aÞ
 pqðtÞdmðtÞ ¼ lðqÞð Þ1p:
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n!1
Z
C
jpmnðtÞjpqðtÞdmðtÞ þ
X1
k¼1
Ak pmnðzkÞ
 p( )
¼ Lim
n!1
Z
C
pmnðtÞ
tmn


p
qðtÞdmðtÞ þ
X1
k¼1
Ak z
mn
k
 p pmnðzkÞ
zmnk


p
( )
¼ Lim
n!1
Z
C
unðtÞj jpqðtÞdmðtÞ þ
X1
k¼1
Ak z
mn
k unðzkÞð Þ
 p( )
6 Lim
n!1
Z
C
B‘ðtÞj jp Tn;pðt; aÞ
 pqðtÞdmðtÞ þ C X1
k¼‘þ1
Ak
( )
¼
Y‘
k¼1
jzkj
 !p
ÞlðqÞ þ d‘ ð13Þwhere d‘ﬁ 0 as ‘ﬁ1, therefore, for all ‘lim sup
n!1
mn;pðrÞ
 p 6 Y‘
k¼1
jzkj
 !p
ÞlðqÞ þ d‘: ð14ÞPassing to the limit as ‘ﬁ1 in (14) then using (7), it resultslim sup
n!1
mn;pðrÞ 6
Y1
k¼1
jzkj
 !
lðqÞð Þ1p ¼ ðl1ðqÞÞ1p: ð15ÞHence, from this and (12) the Theorem is completely proved. h
As a consequence we have the following
Corollary 3.1. If 0< p<1, r 2 A, then we have
(i) limn!1
T n;p
zn  w1
 
HpðX;qÞ ¼ 0.
(ii)
T n;pðzÞ
zn ¼ w1ðzÞ þ enðzÞ; enðzÞ ! 0 uniformly on the compact sets of G.
To prove this Corollary, we need the following Lemma
Lemma 3.1. Let fn be a sequence of analytic functions in the usual Hardy space
Hp(U), (U ¼ fw 2 C; jwj < 1g), fðeihÞ be a limit values of fn on C such that
fn(0)ﬁ 1,fn(wk)ﬁ 0, when nﬁ1,(wk 2 U, k= 1,2, . . .). Iflim
n!1
1
2p
Z þp
p
fnðeihÞ
 p dh  ¼Y1
k¼1
1
jwkjp ;
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n!1
1
2p
Z þp
p
fnðeihÞ  bðeihÞ
 p dh  ¼ 0;wherebðwÞ ¼
Y1
k¼1
w wk
wwk  1
wk
jwkj2
:Proof. We prove (i) in two steps.
First step: For 0 < p< 1, we apply Lemma 3.1 to the sequence
Tn;pðzÞ
zn =u
ðzÞ
with w= 1/z.
Second step: For 1 6 p<1, we obtain (i) by proceeding as in [3].
To prove (ii) we apply Lemma 2.1, for the functionenðzÞ ¼ Tn;pðzÞ
zn
 w1ðzÞ;
which belongs to Hp(G,q), then for all compact K  G, we havesup
z2K
Tn;pðzÞ
zn
 w1ðzÞ

 ¼ sup
z2K
enðzÞj j 6 CKkenkHpðX;qÞ ! 0
n!1
:This achieves the proof of Corollary 3.1. hAcknowledgements
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the manuscript.
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